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Equivalence between CFG’s and PDA’s

We’'ll prove that a language is generated by a CFG
@ if and only if it is accepted by a PDA upon empty stack,
@ if and only if it is accepted by a PDA upon final state.

We already know how to go between empty stack and final state.

PDA by PDA by
empty stack final state
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Equivalence between CFG’s and PDA’s From CFG’s to PDA’s

From CFG’s to PDA’s
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From CFG’s to PDA’s

Given a CFG G, we construct a PDA that simulates the leftmost
derivations I:>
m

We write left-sentential forms as xA«, in which:
@ A is the leftmost variable,
@ x is a string of terminals,

@ and « is a string of terminals and variables.
The tail of xAa is Ac.

For instance,
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Equivalence between CFG’s and PDA’s From CFG’s to PDA’s

Let xAa I:> XBa. This corresponds to the PDA first having consumed x
m
and having A« on the stack, and then on € it pops A and pushes S.

That is, letting w = xy, the PDA goes non-deterministically from
configuration (q, y, Aa) to (g, y,Ba).

Formally, let G = (V, T, R, S) be a CFG. Define
Ps=({q},T,VUT,é6,q,S), where
@ 6(g,,A) ={(q9.8)|A > BeR}forAeV,
@ §(q,a,a) ={(q,¢e)}foraeT.
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Equivalence between CFG’s and PDA’s From CFG’s to PDA’s

Theorem 6.5

If PDA Pg is constructed from CFG G by the construction above, then
N(Pg) = L(G).

Proof (2-direction). Letw € L(G). Then
S=y1=y=> - =Dy=Ww
Im Im Im
Let y; = xja;. We show by induction on i that if S % vi, then
m

(q.w,S) - (g, yi, @), where w = X;y;.

Since y, = w, we have a, = y, = e and x, = w, thus (g, w, S) I (g, €, €),
Im
i.e. we N(Pg).

XU Ming (ECNU) Lecture 11 May 23, 2024 7141



Equivalence between CFG’s and PDA’s From CFG’s to PDA’s

For instance, consider CFG G:
E—->IIE4+E|EXE|(E), I—albl|lalib|lO|N.
Since ax b € L(G)

E = ExXE = IXE = axE = axl = axb

b Ve V3 Ya e Ve
then
(g.axb,E) Y1
F(g.axb,EXE) Y2
F(g.axb,IxE) Y3
F(g.axb,axE)r(g,xb,xE)+(q,b,E) Ya
+(q.b, 1) Ys
-(q,b,b) (. €. €) Y6
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Equivalence between CFG’s and PDA’s From CFG’s to PDA’s

We continue the proof.

Basis step: Fori=1,y1 = S. Thus x; = ¢, and y = w. Clearly,
(q,w,S) — (g, w,S).

Inductive step: The induction hypothesis is (g, w, S) — (g, ¥i, ;). We have
to show that
(9 yi» i) = (@, Vi1, @ig1).

Now «; begins with a variable A, and we have the form (e.g. suppose
B = vBu)

XiAx = XiBx = Xi+1Bux

~~—— Im N ——

Yi Yi+1
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Equivalence between CFG’s and PDA’s From CFG’s to PDA’s

By the induction hypothesis Ay is on the stack, y; is unconsumed. From
the construction of Pg, it follows that we can make the move

(9.yi.Ax) F (9.¥i.Bx) = (9. i, vBuy).

If 8 has a prefix of terminals (in our example, only has v), we can pop them
with matching terminals in a prefix of y;, ending up in configuration
(q, Yi+1, @iy1), Wwhere @11 = Bpuy is the tail of the sentential y; 1.
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Equivalence between CFG’s and PDA’s From CFG’s to PDA’s

(c-direction). We shall show by an induction on the length of - that

If (9. x,A) - (g, €. €),then A = x.

Suppose w € N(Pg), choose A = S, and x = w, then
(9.w, S) - (g, €, €). We have to show S = w, meaning w € L(G).

Basis step: Length is 1. Then it must be that A — ¢ is a production in G,
and we have (g, €) € 6(g, €, A). In this case, x = ¢, and we know that

*
A>e
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Equivalence between CFG’s and PDA’s From CFG’s to PDA’s

Inductive step: Length is n > 1, and the induction hypothesis holds for
length < n. Since A is a variable, we must have

(g, x,A)F(q,x,Y1Yo - Ye) F---+(Q,€¢€)
where A — Y1Ys--- Yi is a production in G.

We can now write x as xqx2 - - - Xk, analogous to the figure in next slide,
where Y1 = B,Y>o = aand Y3 = C.
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Equivalence between CFG’s and PDA’s From CFG’s to PDA’s
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Equivalence between CFG’s and PDA’s From CFG’s to PDA’s

Now we can conclude that
*
(G, XiXit1 - Xk> Yi) — (G Xi1 + +* Xk, €)

has less than n steps, foreachi =1,2,--- , k.
@ If Y;is a variable we have by the induction hypothesis and Theorem
6.2 that Y; = x;.
@ If Y;is aterminal, we have |xj| = 1, and Y; = x;. Thus Y; = x; by the
reflexivity of =,

* * *
SO, A= YYo - Yi=2x1Yo - Yi=2x1X0 - Yk = X1 X0+ X = X. |
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Equivalence between CFG’s and PDA’s From PDA’s to CFG’s

From PDA’s to CFG’s
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From PDA’s to CFG’s

Let’s first look at how a PDA can consume x = xyXz - - - Xx and empty the
stack.

Y; Po
P
Y2
Py_
v, k-1
Py
«—> <> >
X1 X2 Xk
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Equivalence between CFG’s and PDA’s From PDA’s to CFG’s

We shall define a grammar with variables of the form [pi_1 Yipi]
representing going from pj_¢ to p; with net effect of popping Y.

Formally, let P = (Q, %, T, 6, qo, Zo) be a PDA. Define Gp = (V, %, R, S),
where

o V={[pXq]lp,qe Q,X el}U{S}.

@ R={S - [qoZop]lp € Q}U

{[gXrk] — a[rYir]---[rk-1Ykr]la € Z U {e} A
r,...,lk € QA
(r,Y1---Yk) €6(q,a, X)}.

Note that k can be 0, in which case (r, €) € §(q, a, X). Then production is
[gXr] — a.
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Equivalence between CFG’s and PDA’s From PDA’s to CFG’s

Example

Let's convert P = ({q}, {i, e}, {Z}. 6, q, Z), where §(q. i, Z) = {(g9, ZZ)} and
5(q.e,Z) ={(q,€)}, to a grammar.

e,”Z/e

By the construction above, we get Gp = (V, {i, e}, R, S) where
V = {[gZq]. S}, and R = {S — [qZq], [qZq] — i[qZq][9Zq], [qZq] — e}

Replacing [gZqg] by A, we get productions S — A and A — iAA | e, or
more directly S — iSS | e.
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Equivalence between CFG’s and PDA’s From PDA’s to CFG’s

Example
Let P = ({p, g}, {0, 1}, {X, 2o}, 6., g, Zv), where § is given by

5(9.1,2) = {(q. X2)}
8(g, 1, X) = {(q, XX)}
6(q,0, X) = {(p, X)}
4.6(q.€,2) = {(g.€)}
§(p, 1, X) = {(p, €)}
(p,0,2) = {(q, )}

Construct the CFG Gp.

Question What's the language N(P)?
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Equivalence between CFG’s and PDA’s From PDA’s to CFG’s

We get Gp = (V,{0,1}, R, S) where
V = {S, [pXpl, [pXq]. [pZop]. [0Z0q]. [aXp]. [aXdl. [aZop]. [aZoq]}
and the productions in R are
S — [920q] | [aZop]
and the following: From Rule (1) that 6(q, 1, Zy) = {(9, XZy)}, we have

[aZ0q] — 1[aXq][aZoq] | 1[aXP][pZoq]
[aZop] — 1[9Xq][aZop] | 1[aXp][PZop]

From Rule (2) that 6(qg, 1, X) = {(g, XX)}, we have

[aXq] — 1[aXql[gXq] | 1[aXp][pXa]
[aXp] — 1[gXq][aXp] | 1[aXp][pXp]
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Equivalence between CFG’s and PDA’s From PDA’s to CFG’s

From Rule (3) that 6(qg, 0, X) = {(p, X)}, we have

[aXq] — 0[pXq]
[aXp] — O[pXp]

From Rule (4) that 6(q, €, Zp) = {(q, €)}, we have

[aZoq] — €
From Rule (5) that 5(p, 1, X) = {(p. €)}, we have

[pXp] — 1
From Rule (6) that 6(p, 0, Z) = {(q, Z)}, we have

[pZoq] — 0[qZ0q]
[pZop] — 0[qZop]
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Equivalence between CFG’s and PDA’s From PDA’s to CFG’s

Theorem 6.6

If CFG Gp is constructed from PDA P by the construction above, then
L(Gp) = N(P).

Proof (2-direction). We shall show by an induction on the length of the
sequence |- that

If (g, w, X) - (p. €. €), then [qXp] = w.

Suppose w € N(P), then (qo, w, Zo) +— (p. €, €) for some p. We have

[q0Zop] = w, i.e. S = w, because the rules for start symbol S are
constructed. That means w € L(Gp).
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Equivalence between CFG’s and PDA’s From PDA’s to CFG’s

Basis step: Length is 1. Then wis an a or €, and (p, €) € 6(q, w, X). By
the construction of Gp we have [gXp] — w and thus [gXp] = w.

Inductive step: Length is n > 1, and the induction hypothesis holds for
lengths < n. We must have

(g w, X))+ (ro,x,Y1Yo - Yi) k- + (P, € €)

where w = ax (a is either a symbol in X or a = ¢). It follows that
(ro, Y1Y2--- Yk) € 6(q, a, X). Then we have a production

[gXr] — a[roYiri] -+« [rk—1 Ykrk]s

forany ry,...,rc € Q.
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Equivalence between CFG’s and PDA’s From PDA’s to CFG’s

We may now choose r; to be the state in the sequence — when Y; is
popped, finally, rx = p when Y is popped. Let x = wyws - - - wi, where w;
is consumed while Y; is popped. Then

(rii1, wi, Yi) = (ri, €, €).

By the induction hypothesis we get [ri_1 Yri] = w;.
We then get the following derivation sequence:

[gXrk] = a[roYir] - - - [rk—1 Ykrk]
= aw; [r1Yara][r2Yars] - - - [rk—1 Yirk]
= awy Wa[raYars] - -« [rk—1 Yirk]
= awiWo - W = W
where r, = p.
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Equivalence between CFG’s and PDA’s From PDA’s to CFG’s

(C-direction). We shall show by an induction on the length of the derivation
= that .
If [gXp] = w, then (g, w, X) I (p, €, €).

Suppose w € L(Gp), then S = w. There is a state p such that

[q0Zop] = w, because we have only productions S — [qoZyp] for the start
symbol S.

Now we have (qo, w, Zp) + (p. €, €). That means w € N(P).
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Equivalence between CFG’s and PDA’s From PDA’s to CFG’s

Basis step: One step. Then we have a production [gXp] — w. From the
construction of Gp it follows that (p, €) € 6(q, a, X), where w = a. But then

(g, w, X) + (p, € €).

Inductive step: Length is n > 1, and the induction hypothesis holds for
lengths < n. We must have

[gXrk] = a[roY1r][r1 Yaora] - - - [rk-1 Yir] =S w
where r, = p.

We can break w into aw; - - - wi such that [ri_1 Y;r] = w;. From the
induction hypothesis we get (ri_1, w;, i) = (ri, €, €).
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Equivalence between CFG’s and PDA’s From PDA’s to CFG’s

From Theorem 6.1 we get
(Fict, WiWigt - Wi, YiYigr - Yi) b= (i Wit -+ Wi, Yiger -« Yi).

Since this holds for all i = 1,2, - - - , k, we put all these sequences together
and get

(9.awiwz -~ Wi, X) + (ro, wywz - - Wi, Y1 Y- Y)
(r1 w2« Wi, Yo Yg)

-
— (ro, wa -+~ Wk, Ya -+ Yg)
-

- (rk, €, €).

Since ry, = p, we have shown that (g, w, X) - (p, €, €). O
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Deterministic Pushdown Automata

Deterministic Pushdown Automata
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Deterministic Pushdown Automata

APDAP = (Q,%,T,6 qo, Zo, F) is deterministic (DPDA) if

@ 6(qg, a, X) is always empty or a singleton forany g€ Q, a € ¥ or
a=¢eand Xel.

@ Givenapairof ge Qand X €T, if 6(qg, a, X) is nonempty for some
a € ¥, then 6(q, €, X) must be empty.
Example

Let's define Lyewr = {wew? |w € {0, 1}*}. This language can be recognized
by a DPDA.
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Deterministic Pushdown Automata

The DPDA for Lycwr is shown as follows.

0,2/0 Zo
1,20/1 Zo

0,0/00

0,1/0 1

1,0/10 0,0/€
1,1/11 1,1/e

Start — @
@ C,Zo/Zo e E,Zo/Zo

c,0/0
c,1/1
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DPDA’s and Regular Languages as Well as CFLs

We’ll show that

Regular Languages c L(DPDA) c Context-free Languages

Theorem 6.7
If L is regular language, then L = L(P) for some DPDA P. J

Proof Since L is regular there isa DFA A s.t. L = L(A). Let

A =(Q,%,d4,q0, F). We define the DPDA P = (Q, X, {Zy}, 6p, Qo, 20, F),
where the transition function 6p(q, a, Zo) = {(6a(q, @), Zo)}, forall g € Q,
andaceX.
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Deterministic Pushdown Automata

We shall show by an induction on the length of w that

(9w, 20) +— (p.e,Z0) iff ba(q.w)=p

Choose q = qu, since both A and P accept by entering one of the states
of F, we conclude their languages are the same.

We only give a proof for “only if” part.

Basis step: Let w = €. From (q, €, Zp) + (p, €, Zp), we know
(p, Zo) € 6p(q. €, Zp). Since 6p(q, €, Zy) is a singleton, we must have
p =9da(q,€) = Q.
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Deterministic Pushdown Automata

Inductive step: Let w = ax. We have
(9. w,2Z) = (g, ax,2Z) + (6a(g. a). x, Zo) +— (p. €, Zp).
By the induction hypothesis, we get 64(64(q. a), x) = p.
Notice that we mentioned the formula for the
5(q. ax) = 8(6(q. @), )
for any state q, string x, and input symbol a.

We conclude that 64 (g, w) = p. a)
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Deterministic Pushdown Automata

@ We have shown that the DPDA languages include all the regular
languages.

@ We have already seen that a DPDA can accept language like Lycwr
that is not regular.

@ Are there CFLs that can not be accepted by any DPDA?
Yes, for example Ly,! But a formal proof is complex.

The two modes of acceptance — final state and empty stack — are not
same for DPDA’s. What about DPDA’s that accept by empty stack?
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Deterministic Pushdown Automata

A language L has the prefix property if there are no two distinct strings in
L, such that one is a prefix of the other.

Example
Lwewr has the prefix property. But {0}* does not have the prefix property.

Theorem 6.8

L is N(P) for some DPDA P if and only if L has the prefix property and L
is L(P") for some DPDA P’.

That is, the languages accepted by empty stack are exactly those of the
languages accepted by final state that have the prefix property. We’'ll show
this in three parts.
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Deterministic Pushdown Automata

@ If L = N(P) for some DPDA P, then L has the prefix property.

Proof Suppose L does not have the prefix property, i.e. P accepts both
w and wx by empty stack, where x # €. Then (qo, w, Z) — (9, €, €) for
some state g, where qp and Z are the start state and symbol of P. It does
so by a unigue sequence of moves because P is deterministic. Thus

(G0, wx, Zo) — (g, X, €).

However, it is not possible that (g, x, €) I (p, €, €) for some state p,
because we know x is not €, and a PDA cannot have a move with an empty
stack. This observation contradicts the assumption that wx is in N(P).

XU Ming (ECNU) Lecture 11 May 23, 2024 36/41



Deterministic Pushdown Automata

@ If L = N(P) for some DPDA P, then there exists a DPDA P’ such that
L=L(P).
Proof We can convert P to P’ just as Py to Pg.

€, Xo/€
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Deterministic Pushdown Automata

@ If L has the prefix property and is L(P’) for some DPDA P’, then
there exists a DPDA P such that L = N(P).
Proof Converting P’ to P just as Pg to Py, we find that P is not
deterministic unless L(P’) has the prefix property.
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DPDA’s and Ambiguous Grammars

We can refine the power of the DPDA’s by noting the languages they
accept, all of which have unambiguous grammars. Unfortunately, the

DPDA languages are not exactly equal to the subset of the CFLs that are
not inherently ambiguous.

For instance, Ly, has an unambiguous grammar
S —>0S0|151 €

even though it is not a DPDA language.
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Deterministic Pushdown Automata

For the converse, we have

Theorem 6.9
If L = N(P) for some DPDA P then L has an unambiguous CFG. J

Proof By inspecting the proof of Theorem 6.6 we see that if the
construction is applied to a DPDA the result is a CFG with unique leftmost
derivations. O

This theorem can be strengthened as follows, but we omit the proof.

Theorem 6.10
If L = L(P) for some DPDA P then L has an unambiguous CFG. J
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Homework

Homework

Exercises 6.3.2, 6.3.7
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