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Propositional Logic, continued: Soundness, Completeness, & Special Forms

% Soundness
% Completeness
% Conjuctive Normal Form

Y Horn Clauses
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Soundness (1)

e Suppose ®,..., P, W holds.
e Hence, there is a proof of W having @4, ..., P, as premises.

e \We proceed by induction on the length of these proofs. We need to reformu-
late the soundness statement such that it is amenable to induction.

M(k) : For all sequents ®1,...,®, - W that have a proof of
length kK, it is the case that ®1,..., &, =W

We intend to use course-of-values induction on k.
e Technical problem:

— Chopping a proof may not lead to correct sub-proofs, since some boxes
may still be open.

— However, a chopped proof (a prefix of the sequence of formulas rep-
resenting a proof) may form a correct proof if the assumptions of the
open boxes are added to the premises.
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Soundness (2)

To solve our technical problem, we change the structure of the proof as
In the following example. Consider the following sequent:

PAQ—TIrEp—(q—r)

1 PAQ—T premise 1 0 PDAQ— T  premise

2 0 assumption 2 {2} o assumption
3 g assumption 3 {2,3} g assumption
4 PAQ Al 2,3 4 {2,3} pAQ Al 2,3

5 r —e 1,4 5 {2,3} r —e 1,4

6 q—r —13-5 6 {2} qg—r —13-5

7 p—(qQ—r) —1 2-6 7 0 p—(Q—r) —i2-6

Note: The set at the left of a formula in a proof line grows and shrinks
as a stack, reflecting the way boxes are opened and closed.
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Soundness (3)

Just for the purpose of proving soundness, we formally change the defi-
nition of the proof as follows.

Definition: A proof of the sequent ' = W Is a sequence of pairs
[(d17 Xl)7 R (dk7 Xk)] where:
(1) d1 =0;
(2) each d; isasubsetof {1,....i};
(3) foreachi, ¥ Is either
— apremise (i.e., x; €1), or
— an assumptlon (Le. xj € di), or
— ¥X; follows from previous lines by applying deduction rules;
(4) foreachi, d; isequal to

— di_1 1f no box was closed/opened at line i;

— di_1U{i} ifabox is opened on line i;

— di—1\{p} if a box with assumption at line 0 was closed
The length of such a proof is k.
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Soundness (4)

Our inductive statement now becomes:

For any proof of length k [(d1,X1),- .-, (dk, Xk)],
and any assignment of truth values that makes the

premises in [ and the assumptions in dy true, it is
the case that ) evaluatesto T.

When there is a chopping with no open boxes, this hypothesis precisely
covers the semantic entailment.
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Soundness (5)

We now proceed with the proof.

Base case k = 1: the proof has length 1, hence it is of the form
1 O x premise

The statement is obviously true, any assignment of truth values
that makes all the premises true, shall make this premise true as
well.

Induction case k > 1: Suppose we have a proof

1 0 xi premse

K di Xk judification—k
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Soundness (6)
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justification-k Is a natural deduction rule, hence we proceed by case
analysis.
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Soundness (7)

AL It must be the case that X, = X1 A X2, with ;i appearing at line ki <
k, with i € {1,2}. The formulas x1, X2 have shorter proofs, and
therefore, using the induction hypothesis, they have the truth value
T. Using the truth table for A, we conclude that the truth value of
inS T.

Ve: It must be the case that some formula x1 \V X2 appears in  the
proof, and that we have two boxes with assumptions ¥, and x» and
conclusion X, The proof of X1V X2 Is shorter hence, according to
the induction hypothesis, it has a truth value of T. According to the
truth table of \/, either x1 or X2 have the truth value T. Assume it
IS X2 (the case when X1 has a truth value of T is similar). Then, the
assumption x> of the second box Is true, and using the induction
hypothesis, its conclusion xkhas the truth value T.

The other cases are similar.
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Completeness (1)

Theorem: Whenever @4,...,®, = W holds, there exists a natural de-
duction proof for the sequent ®1,... ®, - W,

The proof consists of three steps:
Stepl: E®P1— (P2 = (- (Py— W) --+))
Step2: F Py = (P = (- (P> W) --4))
Step 3: Pyg,..., Py WY

Definition: A formula of propositional logic is a tautology if it is true
for all assignments of truth values to its propositional atoms, i.e. if = @.

Slide 9 Logic in Computer Science — Lecture 02 — 2017/09



Completeness (2)

Stepl: E®; — (P — (- (P — W) --))

This step is easy. Suppose ®1,..., d, = W holds. The implication truth table shows
that the only possiblity for = ®1 — (®y — (--- (P, — W) ---)) to fail is to have an
assignment of truth values to its atoms that results in all ®4,..., ®, having the truth
value T and W having the truth value F; — but this is impossible, as it contradicts
the hypothesis.

Step 3: Pq,..., P W

This step Is also easy. Suppose - ®q —
(P2 — (- (Pn — W)--+)) holds, i.e.
has a natural deduction proof 1. Then
we augment this proof by adding the
premises @1, ..., D, to the front, and then
using the rule —e at the end to produce
Y. In other words, we produce the proof:
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Completeness (3)

The core of the completeness proof is Step 2, which requires to show the
following:

If = @ holds, then - ® holds. In other words, if
® Is a tautology, then @ is a theorem.

The idea of the proof is the following:
e Suppose = @ holds.

e |f formula ® has natoms p1,..., Py, then ® has truth value T for
all the 2" lines in its truth table.

e Then, we ”encode” each line in the truth table of ® as a sequent
and assemble them into a proof of ® using the disjunction rules.
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Completeness (4)

The first part of the proof is based on the following lemma.

Lemma: Let ® be a formula containing the propositional atoms
D1,...,Pn, and | a line of ®’s truth table. Let p; be p; If the entry In
line | of p; Is T, otherwise p; Is —p;. Then,

D1,...,PnE @ is provable if the entry for @ inline | is T;

D1,...,Pn =P is provable if the entry for @ inline | Is F.
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Completeness (5)

The proof of the lemma is by course of values induction on the height of
the syntax tree of ®.

Base case: If @ is an atom (i.e. a formula of height 1), then we have to
show that p+ pand —p+ —p hold. This is immediate.
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Completeness (6)

Induction case: The height of @ is greater than 1. Then, we have the following cases.

e O is of the form —®;.

— If ® evaluates to T, then ®4 evaluates to F; @1 has the same atoms as ®,
but a lower height, hence by induction hypothesis p1, ..., pn = —®1; finally
- @1 1S ®, hence we are done.

— If @ evaluates to F, then @ evaluates to T; by induction hypothesis we
get P1,..., Pn = @1, which can be extended to p1,..., pn = —— P4 using the
——l rule; but =——®4 1s =® , hence we are done.

o ®isof the form ®10®d,, whereo € {A,V —}. Letqy,...,q be the atoms of ®;
and rq,...,rg the atoms of ®,, where {q1,...,q }U{r1,....re} ={p1,---,Pn}-
We are left with proving that

J1,...,0 Fdrand q,....fkFd2
Implies P1,....PnF d10 D2

for appropriate formulas d1 and @ .
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Completeness (7)

We show the proof for o = A, that Is, we consider the case when @ = @ A ®,.

o If both ®1 and ®, evaluate to T, then by the induction hypothesis
6]1,...,('3\“ - @®41 and fl,...,fkl— d-, hence ﬁl,...,lﬁn ~ d1 A Dy, and we are
done.

o If ®; evaluates to F and @ evaluates to T, then we have q1,...,q F —®1
and rq,....fk @2, hence pyq,...,Pn F D1 A Dy We are left with proving

ﬁl,---;lﬁn =P A Dy implies f)]_,...,f)n = —I((Dl/\q)z)

(left as an exercise)

e The other two cases are similar, requiring the following proofs:

D1 APy —I((Dl/\q)z)
P17 APy —I(Cbl/\cbz)
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Completeness (8)
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If @ is of the form ®, Vv ®5, we can reduce the proof to the search for the

following proofs.

P1 APy
P1 A Dy
—Pq A Po

P17 A Dy

T T T T

D1V Py
D1V Py
D1V Py
—I(Cbl V CDz)

If ® Is of the form ®; — d,, we can reduce the proof to the search for

the following proofs.

O OF)
P1 AP
—P1 APy

P APy

T T T T

CD1 — CDZ
—|(CD1 — CDZ)
CDl — CDZ
(Dl — (Dz
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Completeness (9)

The last piece of the puzzle is to assemble these proofs of the form

rj]_,...,rjnl_q)

each representing a line in the truth table, into a proof of = ®, without
premises.

We use the disjunction rules to generate the lines of the truth table, then
we appropriately insert the above proofs.

We exemplify this procedure for the case of two atoms, for the tautology
- PAQ— P.
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Completeness (10)

Assembling the proof for the tautology - pA g — p.

1 pv-p LEM
2| p ass —p ass
3| gV —Q LEM qVv—-g LEM
4|1 q ass || —q ass q ass || —q ass
5

6

7| pPAQ— P PAQ— P PAQ— P PAQ— P

8 pAg—Pp Ve PAQ— P Ve

9 pAg—p Ve
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Semantic Equivalence & Validity

Definitions:

o Let @ and WY be propositional logic formulas. They are semantically
equivalent iff ® =¥ and W = ®. We denote this by ® = Y.

o @ isvalid iff = ©.

Remarks:

e Two formulas ® and W are semantically equivalent iff = (® — W) A
(W — D).

e Because of soundness and completeness of propositional logic, se-
mantic equivalence is identical with provable equivalence + (® —
WA (W — D). (This is a fortunate case, most logics are not complete).

e Ouraim is to transform formulas into equivalent ones for which check-
Ing validity Is easietr.
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Conjunctive Normal Form

Definitions:
e A literal Is either an atom p, or the negation of an atom —p.

e A formula @ is in conjunctive normal form (CNF) if it is of the
form Wi AWo A --- AW, for some n > 1, where each W; is a dis-
junction of literals, forall i € {1,... n}.

Note: Sometimes we include the case n = 0, in which case, by conven-
tion, the termis T.
Examples of CNFs:
(ZQVPVI)A(=pVI)AQ
(PVIE)A(=pVI)A(PV )
Not in CNF:
(=(aVp)Vr)A(=pVr)AQ
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Validity of a Disjunction of Literals

Lemma: A disjunction of literals L1V LoV ---V Ly 1s valid iff there exist i, |, with
1 <1,] <n,suchthatLjis —L;.

Proof:

o Ifthereexisti, | suchthatL;is —Lj, thenclearly L;VL,V---VLyevaluates
to T for all assignments.

e For the converse, if no literal has a matching negation, then:

— For each positive literal we assign F to the corresponding atom.
— For each negative literal we assign T to the corresponding atom.

— This assignment falsifies the disjunction, which is impossible. (EX-
ample: for —qV pVr, take p and r to be false,and g to be true.)

— Hence, there exist i, | such that Lj Is—L;.
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Satisfiability

Definition: A formula W Is satisfiable if there exists an assignment of
truth values to its propositional atoms such that @ is true.

Proposition: A propositional logic formula @ is satisfiable iff =® is not
valid.

Proof:

o If @ issatisfiable, then there exists a valuation (assignment of truth
values to its atoms) which makes @ true. For this valuation —=® has
the truth value F, hence —® cannot be valid.

e Conversely, iIf =@ is not valid, then there exists a valuation for
which —® has the truth value F. This valuation makes ® have the
truth value T, hence @ Is satisfiable.

This Is a simple, but very useful result.
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Useful Identities (Boolean Algebra)

A and Vv are idempotent A and V are distributive
PAP=0 PA(WVN)=(PAW)V(DAN)
OPVO=d OV (WAN)=(PVW)A(DPVN)
A and V are commutative Rules for T and F
PAY=YAD FAP=F OA-DP=F
dv¥P=Yvao TVO=T OV-OD=T
A and V are associative The de Morgan rules
PA(WAN) = (PAW)AN (PAWY) =DV Y
dv(Wvn) =(dvW)vn ~(PVW) =AY
A and V are absorbative Double negation rules

OV (DAN) =
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A Procedure to Compute CNFs

We present an algorithm to compute a CNF formula equivalent to a given

arbitrary formula ®. The algorithm Is deterministic and computes a
unique CNF for any formula.

The algorithm Is described as:

CNF(NNF(I MPL_FREE(d)))

for a given formula ®. The CNF, NNF, and | MPL _FREE functions shall
be discussed shortly.

We convert a formula to CNF to make It easier to check its validation.

To check if a CNF is valid, we simply check if there is a p and not p
In every conjuct.
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| MPL_FREE

function | MPL_FREE(D) :
[* precondition: @ is an arbitrary formula */
[* postcondition: returns an implication free formula equivalent to @ */
begin function
case
® Is a literal: return ®
® is —P1: return —(1 MPL_FREE(®,))
® is D1 A Dy return | MPL_FREE(®1) A | MPL_FREE(®,)
® is 1V Dy return | MPL_FREE(®1) VI MPL_FREE(®,)
® is P71 — Po: return -1 MPL_FREE(®1) VI MPL_FREE(®>)
end case
end function
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| MPL_FREE Exanpl e
Let®=-pAq— pA(r—Q).

| MPL_FREE(®)
— =1 MPL_FREE(—pAq) VI MPL_FREE(pA (r — q))

— —((1 MPL_FREE(-p)) Al MPL_FREE(q)) V| MPL_FREE(p A (r — q))
(=p) Al MPL_FREE(q)) V| MPL_FREE(pA (r — q))

(=p)AQ) VI MPL_FREE(pA(r —Q))

(=p)AQ) V (pA (=1 MPL_FREE(r) v | MPL_FREE(q)))

(=P)AQ)V (PA(=r VI MPL_FREE(Q)))
(=p)AQ)V(PA(-TVa))

|
]
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NNF
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function NNF(®) :
[* precondition: @ is implication free */
[* postcondition: returns an NNF formula equivalent to & */
begin function
case
@ is a literal: return @
® is ——D1: return NNF(dq)
D is D A Do return NNF(D1) A NNF (Do)
D is D1V Dy: return NNF(D1) V NNF(D5)
D is =(Dy A Dy): return NNF (=D VvV —Dy)
D is =(D1 Vv Dy): return NNF(—Dq A —Dy)
end case
end function
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NNF Example

Let ® = —((—=p)AQ)V(PA(-rVa)).

NNF ()
NNF(=((—=p) Aq)) VNNF(pA (—rVQq))
NNF(=(=p) V—0)) VNNF(pA (=r Vv Qq))
(NNF(==p)) V (NNF(—~q)) VNNF(pA (=r v Q))
PV (NNF(—-q)) VNNF(pA (=rva))
pV-qVNNF(pA (—rvq))

PV —qV (NNF(p) ANNF(=rvQ))

PV -qV (PANNF(-rvQ))

pV =gV (pA (NNF(-r)VNNF(Q)))

pV =gV (pA(—rVNNFQ)))
pV—-qV(pA(-rva))
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CNF
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function CNF(®) :
[* precondition: @ is implication and in NNF */
[* postcondition: returns an CNF formula equivalent to @ */
begin function
case
@ is a literal: return ®
D 1S D1 A Do: return CNF(Cpl) A\ CNF(CD2)
D is @1V Do: return DI STR(CNF(®P1), CNF(®P2))
end case
end function
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DI STR

function DI STR(®1,®P») :
[* precondition: ®q, ®» are in CNF */
/* postcondition: returns an CNF formula equivalent to ® Vv ®, */
begin function
case
®q is P13 A D12: return DI STR(P11, DP2) ADI STR(P12, D»)
O IS P71 A Doo: return DI STR(CD]_, CD21) A DI STR(CD;L, @22)
otherwise: return @41V ®,
end case
end function
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CNF Example

Letd=pV—-qV(pA(-rvaq)).

CNF (D)

= CNF(pV—qV (pA(=rva)))

= DI STR(CNF(pV —q),CNF(pA (—rvaQ)))
DI STR(pV —q,CNF(pA (—rvaq)))

DI STR(pV—q,pA(—rvaq))

= DI STR(pV —q,p) ADI STR(pV —q,—r VvV Q)

(PV—=QVpP)A(PV-QV-rva)
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Horn Clauses

Definitions:

e A Horn clause Is a formula of the form pis Ap2 A--- A px — Q,
where k> 1, and p1, p2, ..., Pk, d are atoms, L, or T.

e A Horn formula is a conjunction of Horn clauses, I1.e. a formula

® of the form W1 AWo A--- AWy, (n> 1), such that each W; Is a
Horn clause, i € {1,...,n}.

Horn clauses have an efficient procedure to decide their satisfiability, and
are the basis for logic programming.
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Horn Clauses Examples

Examples (yes)

(PAQAS— P)A(QAT = P)A(PAS—9)
(PAGAS— L)A(QAT = P)A(T —9)
(PLAP3APs — P13) A(T — ps) A(Ps A prr — L)

Examples (no)

(PAQAS— —pP)A(QAT — P)A(PAS— 9)
(PAQAS— L)A (AT — P)A(T —9)
(PLAP3A Ps — P13 A P27) A(T — ps) A(Ps A pra — L)
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HORN

function HORN(®) :
/[* precondition: @ is a Horn formula*/
[* postcondition: decides the satisfiability of ®*/
begin function
If @ contains a clause T — _L then return unsatisfiable
else mark all atoms p where T — pis a clause of ®
while there is a Horn clause py A --- px. — i of ®
such that all pj are marked, but g; isn’t do
If gi = _L then return ’unsatisfiable’
else mark g; for all Horn clauses of @
end while
return ’satisfiable’
end function

Theorem: The HORN algorithm is correct: It always terminates and Its
answer 1s ’satisfiable’ iff the given Horn formula is satisfiable.

Slide 34 Logic in Computer Science — Lecture 02 — 2017/09



